A large number of bound singlet states in the four-electron Be-atom are determined to high numerical accuracy. These states include the bound singlet S-, P -, D-, F -, G-, H-and I-states. (2013)). Our computational data allowed us to draw the first spectral diagram of the bound state spectrum of the Be atom which contains the two optically separated series: singlet states and triplet states. *
I. INTRODUCTION
The electronic structure of the beryllium atom is of great interest in various problems arising in different areas of modern science, including stellar astrophysics, physics of the hot laboratory and stellar plasmas, applied nuclear physics, etc. Beryllium and some of its compounds (BeO, Be 2 C) are extensively used in nuclear industry mainly as very effective (almost ideal) moderators of neutrons of all energies. Nevertheless, currently there are many gaps in our understanding of the optical spectrum of the Be-atom. In particular, the total energies of all rotationally excited (bound) states with L ≥ 4 have never been evaluated accurately. Another interesting problem is to describe the transitions from the spectra of low-lying bound states in the Be atom to the weakly-bound (or Rydberg) states.
Recently, we have studied the general structure of the bound state spectrum of the triplet states in the four-electron Be atom [1] . For the first time we have performed accurate calculations of a large number of low-lying (bound) S-, P -, D-, F -, G-, H-and I-states, i.e. bound states with L ≤ 6. Our computational results obtained in [1] allowed us to draw a spectral diagram of the triplet states of the Be atom. It appears that our theoretical/computational spectral diagram agrees very well with the known experimental data (see, e.g., [2] and references therein). Note that any of the G(L = 5)−, H(L = 6)-and I(L = 7)−states are not even mentioned in [2] .
Since [3] the bound states in the four-electron Be-atom and Be-like ions were considered by many authors with the use of various methods specifically designed for the four-electron atomic systems. In reality, however, such calculations were restricted to the ground 2 1 S-state and a very few excited state only. In particular, to determine the ground state energy for the Be-atom different groups applied the Configuration Interaction method with Slater orbitals (CI) [4, 5] , the Hylleraas method (Hy) [6, 7] , the Hylleraas-Configuration Interaction method (Hy-CI) [3, 8] and variational expansion in multi-dimensional gaussoids [9] (also called the Exponential Correlated Gaussian method (or ECG method) [10, 11] ). A few selected bound singlet S-, P -and D-states were calculated by the Monte Carlo methods [14] and by the ECG method [10] [11] [12] [13] . In contrast with the singlet states, the triplet states in the Be atom were investigated only in a very few earlier studies [14] [15] [16] (see also [1] and references therein).
To complete our analysis of the bound state spectrum of the Be-atom [1] we need to consider the singlet series of bound states in this system. In this study we determine the total energies of the bound singlet S-, P -, D-, F -, G-, H-and I-states. We have found that our method allows one to obtain the total energies of these states to high numerical accuracy, which is significantly better (for highly excited states) than accuracy which Hartree-Fock based methods can provide. It is important to note, since currently we have no reliable experimental information about rotationally excited states with L ≥ 4 in the Be atom.
Therefore, our main goal of this study is to detemine the bound state spectrum of low-lying singlet states in the four-electron Be-atom, including rotationally excited states with L = 4, 5, 6 and 7. The results of our study have been represented in the form of the spectral diagram for the singlet bound states in the Be-atom. For convenience of the reader and to complete our analysis we also present analogous spectral diagram for the bound triplet states in the Be atom [1] .
II. HAMILTONIAN AND BOUND STATE WAVE FUNCTIONS IN CI-METHOD
The computational goal of this study is to determine the accurate numerical solutions of the five-body (or four-electron) Schrödinger equation HΨ = EΨ, where the Hamiltonian written in Hylleraas coordinates for a CI wave function is written in the form (see, e.g., [17] )
Note that when the Hamiltonian in Hylleraas coordinates is applied to the CI wave function (the CI wave function does not include explicitly r ij coordinates) some terms of [17] vanish.
In addition, the operator of kinetic energy is represented as a sum of a few terms each of which has its own radial and angular parts. The operatorĤ is diagonal in the basis of the spherical harmonics which are used below as angular parts of the orbital functions. Note also that the operator of angular momentum can easily be extracted from Eq.(1):
For the orbital basis functions φ i (or orbitals, for short) we can write
with l i the angular quantum number of the orbital φ i . The Hamiltonian is reduced to the
Now, from the variational principle one obtains the following eigenvalue problem:
where the matrix elements of the Hamiltonian matrix H and overlap matrix S are:
The integrals occurring in the CI calculations of an n-electron atom are of one-and two-electron integrals. The two-electron integrals are of the type [18] 
and they are expressed as sums of the auxiliary two-electron integrals V (m, n; α, β), defined as:
The auxiliary integrals V (m, n; α, β) for positive indices m, n consist on a sum of A(n, α) auxiliary integrals [19, Eq. (5) ]:
This formula, developed by Frolov and Smith, is very useful because it is numerically stable and provides very fast convergence. For negative n and positive m (but m + n ≥ −1 always) the formula for the Sims and Hagstrom sum [20, Eq. (33) ] must be computed. In quantum mechanical calculations of two-electron systems this formula is employed to calculate the V-auxiliary integrals with the lowest index n = −1:
where the A(n, α) auxiliary integrals are:
Let us briefly discuss the explicit construction of the trial wave functions which are used to approximate the exact wave functions of bound states in the four-electron Be atom.
In this work we shall use the CI wave functions constructed from Slater orbitals and LS eigenfunctions. These wave functions are represented in the form
i.e. it is a linear combination of N symmetry adapted configurations Φ p , where the coefficients C p are determined variationally by solving the eigenvalue problem which follows from the Schrödinger equation.
In this work, the symmetry adapted configurations are constructed 'a priori' so that they are eigenfunctions of the angular momentum operatorL 2 . Another possibility would be the posterior projection of the configurations over the proper spatial space, as indicated in Eq.
(12) by the projection operatorÔ(L 2 ), whereÂ is the antisymmetrization operator and χ is the spin eigenfunction for S = 0 and M S = 0.
As discussed in the case of the Li atom in Ref. [21] and calculations of the Be atom [8] it is sufficient to consider only one spin-function (formally, a linear combination of all possible spin eigenfunctions would be necessary). Indeed, the Slater determinants produced by the antisymmetrization of further spin functions would be repeated when considering the spin eigenfunction Eq. (13) . The spatial part of the basis functions consists of Hartree products of Slater orbitals:
The basis functions φ p , are products of s-, p-, d-, f -, g-, h-, and i-Slater orbitals, defined as
where Y m l (θ, ϕ) are the spherical harmonics [22] .
We have written a four-electron CI computer program for four-electron atomic systems in Fortran 90. Numerical calculations have been conducted with the use of double precision arithmetic. This program has been thoroughly checked by comparing results of our numerical calculations with the results by Sims and Hagstrom for the Be atom [3, 8] . In these calculations we have observed a complete agreement.
The ground state configuration of the Be atom is ssss (i.e. s (1)s (2)s (3)s (4) The procedure of selection of the configurations is similar to the one described in our previous works, Refs. [1, 21] . In this work we construct the full-CI (FCI) wave function for every symmetry and basis set including the types of configurations which contribute more to the total energy of the lowest state of every symmetry. The contribution of a configuration is larger, the smaller the sum of the l quantum numbers of the employed orbitals
is; i.e. the contribution of the configuration sssp > sppp for a P -state. In cases such as the P states sspd and ppsp, where the sum of l i is equal, the two inner electrons in ppsp form a S-configuration. The resulting four-electron configuration is ( 1 S)sp (a P -configuration), and contributes more than the sspd one. This is especially important in the case of F -, G-, H-, and I-states. Among the many possibilities to construct configurations of these symmetries, the energetically most important configurations were proven to be those with an inner Sshell and a single occupied orbital with the symmetry of the state under consideration, i.e.
( 1 S)sf , ( 1 S)sg, ( 1 S)sh, and ( 1 S)si. The inner shell is described with a sum of configurations
In the CI calculations of S-, P -, and D states we employed s-, p-, d-, and f -orbitals (see Table I ). In the CI calculations of the F -, G-, H-, and I-states we have used in addition g-, h-, and i-orbitals as shown in Table I .
More types of configurations than the ones discussed here can be constructed for a given L quantum number. For instance, configurations like pssp could be considered, if the exponents
However, we have kept the orbital exponents in the K-shell and in the L-shell equal, respectively.
Note that there are more possible 'degenerate L-eigenfunction' solutions with a larger number of Slater determinants. Specifically, these are degenerate with respect to the quantum numbers L and M, but with possible different energy contribution, i.e. non-degenerate with respect to the energy [4] . Although the inclusion of various degenerate configurations has been shown to improve the energy of the state, such a contribution is very small. This is important for very accurate CI calculations, as reported e.g. by Bunge [4] . In our work, we have concentrated on the energetically most important CI configurations.
Another important aspect in CI and Hy-CI calculations is the symmetry adaptation of the configurations. As mentioned above, the configurations are constructed 'a priori' to be eigenfunctions of the angular momentum operatorL 2 . The configurations of Table I are constructed as sums of Slater determinants. The determinants are pairwise symmetric (i.e. In other words, the solution of the eigenvalue problem obtained when using reduced 1 × 1 matrix elements (where the integrals are added, configuration sp 1 p −1 + sp −1 p 1 ) or when using explicit 2 × 2 matrix elements of the Slater determinants is the same. The symmetry adaptation is computationally favorable, since the number of Slater determinants in the input is smaller and the repeated computation of equal integrals is avoided. The explicit sums of symmetry adapted configurations in the three-electron case are listed in [21] .
In this work we start with the full-CI wave function (FCI) constructed with configurations of the type of the ground configuration of a given state (see first configuration of every symmetry in Table I ) and we use the large basis set n = 8. The notation n = 4 stands for the basis set [4s3p2d1f ]. The first step consists in an optimization of the orbital exponents for this truncated wave function. The optimization is carried out via a parabolic procedure, explained in Ref. [21] . The orbital exponents are optimized for each atomic state of the Be atom. A set of two exponents is used (one for the K-shell and the other for the electrons in the L-shell), and kept equal for all configurations. This technique accelerates computa-tions, while still producing sufficiently accurate wave funtions to determine the bound state
properties. During calculations we have used the following virial factor
as a criterion to check the quality of the wave function and guide the numerical optimization of the exponents in the trial wave functions.
Using the appropiate exponents for every state we filtered the configurations of the first configuration block of the FCI wave function calculating the total energy E i everytime that a single configuration was added, and comparing it to the total energy without this
If the difference of the energy was smaller than the energy criterion
a.u, the new configuration was discarded. In this manner, all configurations were checked, leading to a relatively compact CI wave function.
The next step consists to add a new block of configurations (FCI) of the following type given in Table I . As the wave function would be very large, a new selection of the newly added configurations is carried out. The resulting compact wave function is optimized again, and the procedure is repeated everytime that a new block of configurations is added. In this work we employ the basis set n = 8. Using this method we obtain rapidly a good energy value and the addition of configurations with higher l i quantum numbers contributes to the convergence to the non-relativistic energy value. The final wave function is a compact wave function containing one to two thousands of configurations which is millihartree accurate for the lowest states of every symmetry. This technique is a result of a balance between selection and optimization procedures.
By using the CI method we have calculated the bound S-, P -, D-, F -, G-, H-and Istates in the Be atom. In particular, we have determined the energies of the four (lowest) S-states, three P-states, three D-states, two F-states, two G-states, one H-state and one I-state. The total energies of the F-, G-, H-and I-states in the Be atom are reported here for the first time. They have not been determined in earlier studies neither computationally, nor experimentally. Our results are summarized in Table II . The overall accuracy of our calculations for the lowest states of every symmetry can be evaluated as ≈ ±1 · 10 −3 a.u.
Higher excited states are in general less accurate. This is due to the exponent restrictions of the method used here. Nevertheless, i.e. for the 5 1 S state we have obtained the best energy to date.
III. GENERAL STRUCTURE OF THE BOUND STATE SPECTRA
As mentioned above the bound state spectrum of the Be atom contains two series of bound states: singlet series and triplet series. In the lowest order (dipole) approximation these two series are independent of each other, i.e. any dipole transition between the two states from different spectral series is strictly prohibited. In reality, transitions between singlet and triplet states of the Be-atom are always possible due to non-elastic collisions of these atoms with electrons, ions and other atoms. It is clear that the probabilities of such collisional transitions substantially depend upon the spatial densities of electrons, Be-atoms, etc. In very good vacuum (≈ 10 −12 atm) and at relatively large temperatures one can easily see the two different optical series (singlet and triplet) in the gaseous mixture of the 9 Be atoms.
The electronic structure of the ground singlet state of the Be atom is 1s 2 2s 2 , while all excited states have a similar structure where the two electrons occupy the 1s 2 -electron shell (its excitation energy is extremely large), while the third electron is always located at the 2s-shell. The fourth electron can occupy any free electron orbital in the atom. The occupation numbers of this (fourth) electron determine the actual state (or configuration) of the Beatom. The pair of the third and fourth electron can be either in the singlet state, or in the triplet state (as the whole Be-atom). It follows from here that the bound state-spectrum of the Be-atom must be similar to the bound state spectra of the two-electron He-atom.
Indeed, such a similarity can be observed (the two series of bound states, the ground state is the singlet S-state, etc). However, the actual order of different bound states is different for the He-and Be-atoms. For instance, the lowest state in the triplet series is 2 3 S-state in the helium atom and 2 3 P -state in the beryllium atom. For the excited bound states in the He-and Be-atoms one finds more differences than similarities, while for singlet states close to the ground state similarities with between the spectra of these two elements can easily be seen.
Since the three-electron core of the Be-atom has the 1s 2 2s electron configuration, then the dissociation threshold for the neutral Be-atom corresponds to the formation of the three- 
where L = ℓ (in this case), n is the principal quantum number of the nL state (L is the angular quantum number) of the Be-atom and ∆ ℓ is the Rydberg correction which explicitly depends upon ℓ (angular momentum of the outer most electron) and the total electron spin of this atomic state. It can be shown that the Rydberg correction rapidly vanishes when ℓ increases (for given n and L). Moreover, the ∆ ℓ correction also decreases when the principal quantum number n grows. The formula, Eq. (18), can be used to approximate the total energies of weakly bound, Rydberg states in the Be-atom. However, by following the original ideas of Heisenberg [24] and Bethe (see, e.g., [25] and references therein) we can write a significantly more accurate formula which can be used to approximate the same Rydberg states to very good numerical accuracy. This formula is written in the form
where S is the total electron spin, while ǫ L , ∆ ℓ and ∆ A are the three parameters which must be varied in actual cases to obtain better numerical approximations. All these parameters are rapidly decrease when ℓ (and L) grows. In reality, to apply the formula, Eq.(19), one needs to know the accurate values of the total energies of at least three bound states in each spectral series, i.e. the total energies of three singlet and three triplet bound states with n ≥ 5.
Based on Eq.(19) one can predict that the total energies of the singlet and triplet highly excited states (with the same n) equal to each other to a good accuracy (almost coincide).
In general, such a coincidence of energy levels becomes almost exact when n grows. It is a well known property of the Rydberg states and it can be observed in any atomic system which has energy spetrum consisting of a few different spectral series. Formally, based on the formula, Eq. (19), we can classify all bound states in the Be atom as the Rydberg states, pre-Rydberg and non-Rydberg states. Each group of these states has its unique electron density ditribution.
In general, it is very difficult to develop a working procedure which can be used to determine all bound states in few-electron atoms and ions, since, e.g., some methods are good for weakly-bound, or Rydberg states, but not sufficiently accurate for the ground and low-lying bound states and vice versa. Our method developed in [1] and in this studty allows one to investigate the both spectral series in the bound state spectra of the beryllium atom and 9 Be isotope-substituted atom. It provides relatively high numerical accuracy for the both singlet and triplet bound states in the four-electron atoms and can be used for rotationally excited bound states with arbitrary, in principle, angular momentum L. In addition, our method was successfully applied to calculate different bound states in many four-electron ions. Briefly, we can say that by using our method we can investigate the general structure of the bound state spectra of the four-electron atomic systems. It is a great advantage of our approach, since many methods used for these problems in earlier studies allow one to determine only a very few lowest bound states (usually, some of the S-and P -states). On the other hand, all Hartree-Fock based methods are not accurate for excited and highly excited states. In application to four-electron atoms and ions these methods often produce only approximate energies for the excited states.
IV. SPECTRAL DIAGRAM OF THE FOUR-ELECTRON BERYLLIUM ATOM
In this study we have determined the total energies of a large number of bound singlet states in the Be-atom. Our computational results can be used to draw the energy levels of all computed singlet (bound) states of the ∞ Be atom as functions of angular momentum L of these states. In old books on atomic spectroscopy such pictures (or diagrams) were called the 'spectral diagrams'. In general, the spectral diagrams are very useful tools to study various effects related with the electron density distribution in different bound LS-states of the atomic systems which contain the same number of electrons. In general, such spectral diagrams can be drawn for the neutral atoms as well as for various positively charged ions, e.g., for the Be atom and B + , C 2+ , N 3+ and other similar four-electron ions. The spectra of the negatively charged ions, e.g., the Li − ion) contain only a very few bound states (usually one bound state [26] ) and the corresponding spectral diagrams are very simple and not informative.
For neutral atoms and ions with the same nuclear charge Q the actual spectral diagrams are often used to discover and investigate effects related with the role of electron-electron correlations in different atomic states. For instance, from our spectral diagram one finds that the 3 1 D-state in the Be-atom is less bound than the analogous 3 1 S-state, while for the bound 4 1 D-and 4 1 S-states such an order of bound states is opposite. The true theory of electron-electron correlations in atoms must explain the actual order of the bound states (or energy levels) in the spectrum and approximately predict the energy differences between them.
In general, by performing numerical calculations of a large number of bound states in atomic systems one always needs to answer the two following questions: (1) predict the correct order of low-lying bound states, and (2) describe transition between the low-lying bound states and weakly-bound, or Rydberg states. To solve the first problem we can compare our results with the known experimental data for Be-atom [2] . For the singlet states in the Be-atom the agreement between our computational results, the picture Fig.1 and data for the beryllium atom presented in [2] can be considered as very good. Combining the theoretical and experimental data we can predict the total order of states in the singlet and triplet series, as shown in Table III . It is also clear we have calculated only the non-relativistic (total) energies, i.e. all relativistic and lowest-order QED corrections were ignored. Note also that our CI-method is substantially more accurate than various procedures based on Hatree-Fock approximation, but it still provides a restricted description of the electronelectron correlations in actual atoms and ions. Nevertheless, the observed agreement with the actual bound state spectra of the triplet states in the Be atom (or 9 Be atom) is very good for low-lying bound states. Now, consider the second problem. As follows from the results of our calculations all bound singlet states with n ≥ 6 in the beryllium atom are the weakly-bound, or Rydberg states. On the other hand, all bound triplet states in the Be-atom with n ≥ 4 can be considered as the pre-Rydberg states. It follows from comparison of the total energies of the triplet 4 3 F , 5 3 G states and singlet 4 1 F , 5 1 G states (for more details, see [1] ). On the other hand, it is clear that the 'boundary' principal quantum number n R from which the Rydberg states begin (for n ≥ n R ) must be exactly the same for both spectral series in the four-electron atoms and ions.
In this study our main attention was given to the singlet bound states in the fourelectron Be-atom. The triplet states in the Be-atom were considered in our paper [1] which also contains the spectral diagram of the bound triplet states in the Be-atom. For maximal convenience of the reader we also included the updated spectral diagram of the triplet states in our present analysis (see, Fig.2 ). In may cases it is useful to observe spectral diagrams for the both singlet and triplet series together and compare these diagrams with the analogous spectral diagrams for atoms which have bound state spectra represented as a combination of the two separate spectral series (singlet and triplet). For instance it is very interesting and informative to make such a comparison of the spectra of the beryllium and helium atoms (see, e.g., [25] and references therein).
V. CONCLUSION
We have considered the bound state spectrum of the singlet states in the four-electron Be-atom. Analogous spectrum of the bound triplet states in the four-electron Be-atom has been presented and discussed in our earlier study [1] . The results of both studies reproduce the complete 'optical' spectrum of the four-electron Be-atom. The observed agreement between our computational results and actual singlet/triplet spectrum of the Be atom [2] can be considered as very good. Formally, it is the first case in the literature when quite complicated bound state spectrum of some few-electron atom (or element) has been obtained and studied by using only computational methods. It should be mentioned that our success in this study is based on our computational approach which has three following advantages:
(1) it can be applied for accurate computations of all bound states in the spectrum, including rotationally excited states and weakly-bound, Rydberg atomic states, (2) it provides overall accuracy which is beyond the level provided by various method based on the Hartree-Fock approximation, (3) such an accuracy does not decrease for the excited LS-states in the spectrum. A unique combination of these three factors makes our computational method a unique tool to study the bound state spectra in different few-electron atom and ions. Our results for three-electron atom(s) and ions can be found in [21] .
The results of our studies allowed us to draw the spectral diagrams of the singlet and triplet spectra of the four-electron Be atom. Such spectral diagrams for Be-atom can now be compared with analogous spetral diagrams of other light atoms and ions. Theoretical comparison of the atomic spectra of the Be and He atoms seems to be very interesting, since each of these two spectra contains two independent series of bound states (singlet and triplet). On the other hand, it would be very interesting to compare the bound state spectrum of the neutral Be-atom with the analogous spectra of the four-electron ions, e.g., B + , C 2+ , N 3+ , etc. The corresponding spectral diagrams of these atomic species are very similar to each other, but a few differences between them and Z-dependence of these differences makes such a study extremely interesting and very promising to improve our understanding of the electron-electron correlations in the four-electron atomic systems.
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